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Abstract. Let S be the semigroup S = J^®!\<Si, where for each i a I, Si 
is a countable subsemigroup of the additive semigroup R-t- containing 0. We 
consider representations of <S as contractions {Tsl^g^ on a Hilbort space with 
the Nica-covariance property: T*Tt = TtT* whenever t A s = 0. We show 
that all such representations have a unique minimal isometric Nica-covariant 
dilation. 

This result is used to help analyse the nonself-adjoint semicrossed product 
algebras formed from Nica-covariant representations of the action of S on an 
operator algebra A by completely contractive endomorphisms. We conclude 
by calculating the C* -envelope of the isometric nonself-adjoint semicrossed 
product algebra (in the sense of Kakariadis and Katsoulis). 



1. Introduction 

The study of nonself-adjoint semicrossed products began with Arveson [1] . They 
were further studied by McAsey, Muhly and Saito [19]. In both cases the algebras 
were described concretely. Peters [26] described the nonself-adjoint semicrossed 
products as universal algebras for covariant representations. In recent years, David- 
son and Katsoulis have shown nonself-adjoint semicrossed products have proven to 
be a particularly interesting and tractable class of operator algebras [H (U [6l [ll [8] . 
In particular, nonself-adjoint semicrossed product algebras have been shown to be 
a class where the C*-envelope is often calculable. 

The C*-envelope of an operator algebra A was introduced by Arveson [5J|3] as a 
non-commutative analogue of Shilov boundaries. The existence of the C*-envelope 
was first discovered by Hamana [13]. Dritschel and McCullough [9] have since 
provided an alternative proof of the existence of the C*-envelope. The viewpoint 
of Dritschel and McCullough has allowed for the explicit calculation of the C*- 
envelope of many operator algebras. In particular, for nonself-adjoint semicrossed 
products the C*-envelopes have been studied in [51 [HI [TSl [TUl [TI] . 

In this paper we study the nonself-adjoint semicrossed product algebras by semi- 
groups of the form S = Ylf=i where for each i € I we have Si is a countable 
subsemigroup of the additive semigroup M+ containing 0. Our algebras will be 
universal for Nica-covariant covariant representations, i.e. those representations 
{Ts}sg5 satisfying T*Tt — TtT* when s/\t — Q. Semicrossed product algebras asso- 
ciated to Nica-covariant representations have been widely studied in the C*-algebra 
literature [HIIIKIl]. 

The paper is divided into three sections. In section 2 Nica-covariant representa- 
tions are studied independent from dynamical systems. The results of this section 
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may be of interest, even to those not concerned with nonself-adjoint semicrossed 
products. We show that contractive Nica-covariant representations can be dilated 
to isometric Nica-covariant representations. This result is well-known for the case of 
the semigroup Z^j_, see e.g. [31]. The proof of the existence of an isometric dilation 
presented here relies on the use of a generalisation of the Schur Product Theorem, 
and so provides an alternative proof to what is usually presented for . 

In section 3 nonself-adjoint semicrossed product algebras are introduced. In 
section 3.1 we extend our dilation result from section 2 to representations of semi- 
crossed products of C*-algebras. This result allows us to conclude strong results 
comparing the different types of semicrossed product algebras. For example, Corol- 
larv l3.71 tells us that, in the case of a semicrossed product of a C*-algebra, the uni- 
versal algebra for completely isometric Nica-covariant representations is the same as 
the universal algebra for completely contractive Nica-covariant representations. If 
we were to work with completely isometric and completely contractive semicrossed 
algebras without imposing the condition of Nica-covariance on our semigroup rep- 
resentations, then an example due to Varopoulos |33j would show that the analogy 
of Corollarv 13 . 71 would fail in this setting. 

In the section 3.2 we consider the C*-envelope of the isometric semicrossed prod- 
uct algebras. In Theorem 13. 151 we calculate the C*-envelope of the isometric semi- 
crossed product as 

where Q is the group generated by S. This result generalises a recent result of 
Kakariadis and Katsoulis |15| . where they worked with the semigroup S = 

When ^ is a C*-algebra the Nica-covariance requirement on our representations 
allows us to view the semicrossed product algebra ^ at x q, 5 as a tensor algebra for a 
product system of C*-correspondences over S. Thus, from this viewpoint we unite 
a recent result of Duncan and Peters [TT] on the C*-envelope of a tensor algebra 
associated with a dynamical system and the results of Kakariadis and Katsoulis on 
the C*-envelope of the isometric semicrossed product for a dynamical system. 

2. NiCA-COVARIANT REPRESENTATIONS OF ABELIAN SEMIGROUPS 

Let iS be the semigroup S — X^ie/*^*' where for each i ^ I we have Si is 
a subsemigroup in the additive semigroup M+ containing 0. We further assume 
throughout that S is the positive cone of the group Q it generates. Denote by A 
and V the join and meet operations on the lattice group Q . In section 3 we will be 
looking at the case when S is countable. However, we will not need to assume that 
S is countable in this section. 

Definition 2.1. A representation T : S ^ ^{T^) of S by contractions {T^jsg^ on 
a Hilbcrt space % is Nica-covariant when we have the following relation: if s G 5^ 
and t e where i ^ j then T*Tt = TtT*. 

2.1. Isometric Dilations. We wish to show that every Nica-covariant contractive 
representation of S can be dilated to an isometric representation. Further, we 
will show that there is a unique minimal isometric dilation which is Nica-covariant. 
This result is well known in the discrete S — case. If each Si is commensurable, 
i.e. if for all si, . . . , s„ S Si there exists sq S Si and /ci, . . . , /c„ € N such that 
Si — kiSQ, then these results have been described by Shalit [27]. We do not impose 
the condition of commensurability. 
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The key method to show the existence of the dilation is to use a generahsation 
of the Schur Product Theorem. To show that there is a minimal Nica-covariant 
isometric dilation we follow arguments similar to those of Solel |30) . 

Definition 2.2. Let A = [A; j]i<i_j<,„ and B = [-Bi j] !<, ,,<,„ be two matrices of 
operators where each Ai j and Bi j is a bounded operator on a Hilbert space T-l. The 
operator-valued Schur product of A and B is defined by ADB [AijBij]i<ij<cm- 

In the above definition, if T-L is 1-dimensional then the operation □ is simply the 
classical Schur product (or entry- wise product). In the following theorem we will 
generalise the Schur Product Theorem, which says that the Schur product of two 
positive matrices is positive. See e.g. [24l Chapter 3]. 



Theorem 2.3. Let A and B he two C* -algebras in B{H) such that A Q B' . Let 
[Aij]i<ij<m cmd B = [i?ij]i<ij<m be operator matrices with all Aij G A and 



A- 
B, 



eB. If A>0 and B >0 then AUB > 0. 



Proof. Let yi = A ® and B = [Bi j (g) Im]i<ij<m- Hence A and B arc of the 
form 



A 



A 
A 





and 



B = 



Bi.i 










-Bm.l 













Bl.r 




Bi, 



B„ 



B 



m,l 






Bi^,- 






It follows that A and B are positive commuting operators. Hence AB is positive. 

For each 1 < fc < to, let Pk be the projection onto the {m{k — 1) + A:)*'* copy of 
n in H^'^^\ and let P = X;r=i Pk- Define R : H^'"' ^ -H^™') by i?h = P(h^'"). 
Hence R is an isometry and for 



ii = 



hi 
h2 
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we have 



'hi' 




Rh 








with TO zeroes between hi and /li+i, 1 < i < m. 
Thus, AOB is positive. 



It foUows that R*{AB)R 



ADB. 
□ 



Let T be a Nica-covariant contractive representation of S on 7i. We extend T 
to a map on all of Q in the following way. Any element g & Q can be written 
uniquely as g = g+ — g- where g-,g+ G S and g- /\ g+ =0. Thus we extend T to 
Q by setting Tg ~ T*_Tg^ = Tg^T*_ . A well-known theorem of Sz.-Nagy says that 
T has an isometric dilation if and only if for si, . . . , s„ € S the operator matrix 
[Tg ._sji<ij<„ is positive (see e.g. [211 Theorem 7.1]). We will need to look more 
closely at the proof of this later. 

In the case when is 5 is a subsemigroup of R+ it has been proved by Mlak 
[20j that a contractive representation T has an isometric dilation. In the following 
theorem we will rely on the fact that the representation T restricted to Si has an 
isometric dilation for each i. Then an invocation of Theorem 12.31 will give us our 
result. 

Theorem 2.4. Let T be a Nica-covariant contractive representation of the semi- 
group S — '^f^jSi, where each Si is subsemigroup o/ containing 0. Then T 
has an isometric dilation. 

Proof. Take si,...,s„ in S. By [3T1 Theorem 7.1] it suffices to show that the 
operator matrix \Ts--si]i<ij<n is positive. Each Sj is of the form Sj = X^iG/^j'^' 
where s^*' is in Si. We can choose a finite subset F C I such that sj = J2ieF '^j'^ 
for J = 1, . . . , n. Since F is finite we can and will relabel F by {1, . . . , fc} for some 
k. Denote by T'^-'^ the restriction of T to Sj. 
By the Nica-covariance property 



.T 



(k) 



Thus, we can factor the operator matrix [Ts ._sJ as 



J 1- 

^„(1> „(1) 



.T 



(fc) 





[rpik] 1 







Since [T . . is a positive matrix for 1 < ^ < A; [20] and since the representation 

is Nica-covariant, it follows by Theorem 12.31 that [Ts.-s.]ij is positive. □ 
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In the above we made use of [31] Theorem 7.1] to guarantee the existence of a 
dilation. We wiU now pay closer attention to how the dilation there is constructed. 
Then, following similar arguments of [3D], we will show that there is a unique 
minimal Nica-covariant isometric dilation. 

Theorem 2.5. Let T be a Nica-covariant contractive representation of the semi- 
group S = '^f^jSi, where each Si is subsemigroup o/ M_|_ containing 0. Then T 
has a minimal isometric dilation which is Nica-covariant. Further, this dilation is 
unique. 

Proof. We first sketch the details of the construction of an isometric dilation. Let 
% be the space on which the representation T acts. Let /Co denote the space of all 
finitely non-zero functions f : S %. For /, g G /Co we define 

{f,g)= Y.{T,^sf{t),g{s)). 
s.tes 

By Theorem 12 .41 this defines a positive semidefinitc sesquilinear form on /Co- Let 

AA = {/e/Co : (./,/) =0} 
= {/e/Co:(/,.9)=0}, 

and set /C = /Co /A/", where the closure is taken with respect to the norm induced 
by (•, •}. We isometrically embed "H in /C by the map h^ h, where h{s) = So{s)h. 

Now define maps Vs on /Co by = f{t - s) if t - s e S and iVJ){t) = 

otherwise. Note that for / G /Co and u £ S wc have 

{Vuf, K/) = - - 

= J2{T,.sfit)Jis)) = {fJ). 

s,t 

Hence each Vu is isometric on /Co and leaves A/" invariant. It follows that we can 
extend Vu to an isometry on /C and we have that {K,}sg5 is an isometric represen- 
tation of S. 

Further, note that for g <E G and h, k £ TL we have 

{Vgh,k) = {V;_Vg^h,k) ^ {Vg^h,Vgj) 

= J2 {Tt-Mt-g+)Ms-g-)) 

= {Tgh,k). 

Thus we have -P^Vgl-^ ~ Tg for all g £ Q. In particular {Vs}s£S is an isometric 
dilation of {r^jsg^. It is easily seen to be a minimal isometric dilation. Dilation 
with the property that P-hK,|-h = Tg are called a regular dilations. We want to 
show that this dilation is Nica-covariant. 

Next we will show that if we have s G Si and /i G 5 such that s A /i = then 
Vg^^iW = "KuK*!?^- Take s, pi as described, u £ S and h,k gH. By the minimality 
of the dilation it suffices to show that 

{v:v^h,v,k) = {v^v:h,v,k). 
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We calculate 

{v:v^,Kvj) = {v:v:v;h,k) 

Note that, by our choice of s and /i we have that (p, ^ v — s)+ ^ (fi — and 
{fj. — ly — s)_ = s + (yu — Also s A{h — = 0. Thus 

= {v(^-u)Vt^^-.uv:h;k) = {v^v:h,v,k). 

This tells us that the representation V has the Nica-covariant property when re- 
stricted to %. We will now extend this to all of /C. 

By the minimality of the representation V it suffices to show that for s d Si, 
t £ Sj where i ^ j , ji^v £ S and h,k £ H that 

{v:vtVf,h,v,k) = {Vtv:v^,h,v,k). 

The right-hand side of the above is 

{Vtv;v^.h,v,k) = {v:vtv:v^.h,k) 

Note that i + (/i — .s)+ = {t + fi — .s)+ and (fi — s)_ = {t + fi — s)_, hence we have 

{Vtv:v^h,v,k) = 

= (^(t+Ai-i^-s)-^(t+M-i'-s)+'''' 

with the last equality coming from the fact that 

{{t + ^ - s)+ - {t + fi- s)- - v)^ ~ {t + IX - s - ly)- 

and 

{{t + fi- s)+ — + /i — s)_ - u)+ = {t + ^ - s - 

Hence 

{Vtv:v^h,v,k) = 

= {v:v:vtv^h,k) 
= {v:vtVf,h,v,k). 

Hence V is Nica-covariant. 
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To show that the dilation is unique we follow a standard argument. Suppose 
V and W are two minimal isometric Nica-covariant dilations of T on /Ci and A^2 
respectively. Take /ii, /12 (z H and ^ ^ S. Then 

{v^hi,v,h2) = {v:v^hi,h2) 

= {y(t,-y)_y{t,~y)+hi,h2) 

Similarly {W^hi,Wvh2) — (T^-iy/ii, /i2)- Thus the map U : V^h iH- W^h extends to 
a unitary from /Ci to /C2 which fixes T-L, and the two dilations V and are unitarily 
equivalent. □ 

3. Semicrossed product algebras 

Throughout let S be the semigroup S ~ ^1^=1 where each Si is a countable 
subsemigroup of M+ containing 0. Further we suppose that S is the positive cone 
of the group Q generated by S. 

Definition 3.1. Let „4 be a unital operator algebra. If a = {as : s G 5} is a 
family of completely isometric unital endomorphisms of A forming an action of S 
on A then we call the triple {A, S, a) a semigroup dynamical system. 

Definition 3.2. Let (A,S^a) be a semigroup dynamical system. An isometric 
(contractive) Nica-covariant representation of {A,S^a) on a Hilbert space H con- 
sists of a pair (cr, V) where cr is a completely contractive representation a : A ^ 
B{'H) and V = {Vs}si£S is an isometric (contractive) Nica-covariant representation 
of iS on H such that 

aiA)V, ^ VMc^siA)) 

for all A IE A and s e S. 

We will be interested in two nonself-adjoint semicrossed product algebras asso- 
ciated to a semigroup dynamical system {A,S,a). We define AnXoS to be the 
universal algebra for all contractive Nica-covariant representations of (A, S, a) and 
AN^a° S to be the universal algebra for all isometric Nica-covariant representa- 
tions of (A, S, a). 

The algebras A ^+ were introduced by Kakariadis and Katsoulis [15] and 
have proven to be a more tractable class of algebras than ^ x „ Z. While in general 
one expects AnXoS and AnXq" S to be different there are times when the two 
algebras coincide. For example, when A = 2t„ is the noncommutative disc algebra 
and S = Z+ it follows from [5] that 

Further examples of when the semicrossed product and the isometric semicrossed 
product are the same for the case iS = Z+ can be found in [8] Section 12]. When 
.A is a unital C*-algebra we will see (Corollarv l3.7l) that 

Anx'^°S^AnXc.S. 

Let ViAjS) be the algebra of all formal polynomials p of the form 

P=^Vs,As^ 

1=1 
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where si, . . . , Sn are in S, with muhiphcation defined by AVs = Vsa{A). If (a, T) 
is a contractive Nica-covariant representation of {A, S, a) then we can define a 
representation x T of ViAjS) by 

(n \ n 

i=l / 1=1 

We define two norms on ViA, S) as follows. For p G 7^(-4, S) let 
lbll= sup {{axT){p)} 

{o',T) contractive 
Nica-covariant 

and 

\\p\Uso ^ sup |(a X V){p)y 

(cr,V) isometric 
Nica-covariant 

We can realise our semicrossed product algebras as 

An><c.S = V{A,S)" 

and 

Anx'^°S = P{A,sf^^"\ 
If {B,Q,P) is a dynamical system where (3 is an action of the group Q on the 
C*-algebra B by automorphisms there is an adjoint operation on V{B,Q) given 
by {VgB)* := V_g/3~^ (i?*). If (tt, [/) is covariant representation of {B,g,l3), then 
{t/s}sg5 is necessarily a family of commuting unitaries, and hence {C/s}se5 is auto- 
matically Nica-covariant. 

Example 3.3. Let {A,S,a) be a semigroup dynamical system. Let cr be a com- 
pletely contractive representation of ^ on a Hilbcrt space H. Define a completely 
contractive representation a oi A on H<E) (S) by 

a{A){h,)ses = {(7{as{A))hs),es 

for allAeA and (/is).,e5 G ^ ^^(<5). 

For each s £ S define an operator Wg on H ® £^ {S) by 

Wsih)t = ih)s+t, 

where h ^ H and {h)s E T-L ® (-"^{S) is the vector with h in the s*^ position and 
everywhere else. Then [a, W) is an isometric Nica-covariant representation of 
{AS, a). 

Note that in the case where each as is an automorphism on A then we can extend 
this idea to give a Nica-covariant representation (ct, U) on 'H®P{Q) where each Us 
is unitary. 

Definition 3.4. The isometric Nica-covariant representation (ct, W) constructed 
above is called an induced representation of iS, a). 

3.1. Dilations of Nica-covariant representations. We now consider some di- 
lation results for Nica-covariant representations of a semigroup dynamical system 
{A, S, a) in the case when ^ is a C*-algebra. 

In the case that S = the following theorem is a special case of a theorem 
of Solel's [301 Theorem 3.1] which deals with representations of product systems of 
C*-correspondences. The result has also been shown by Ling and Muhly [TH] for 
the case S = and a is an action on A by automorphisms. 
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Theorem 3.5. Let S = X^ig/*^* where each Si is a countable subsemigroup o/M+ 
containing and let (A, S, a) be a semigroup dynamical system where A is a unital 
C* -algebra. Let {cr,T) be a contractive Nica-covariant representation of {A,S,a) 
on %. Then there is an isometric Nica-covariant representation (tt, of {A,S,a) 
on IC DTi. such that 

(i) Tr{A)\n = a{A) for all A e A 

(ii) PnVsln = T, for all seS. 

Further K, is minimal in the sense that IC — Vsg5 Ks?^- 

Proof. Let /Co, ^ and TV be as in the proof of Theorem 12.51 For each A ^ A we 
define 7ro(A) on /Co by 

{MA)f){s)^<j{as{A))f{s), 
for each / e /Cq and s <E S. Note that, for A e ^ and t, s G 5 we have 
Tt_MMA)) = T(,_,)^T(*_,)_a(at(A)) 

= o-(at+(t-s)_-(t-s)+(^))r(*4_s)_T(t_^)^ 
= a{as{A))Tt.s- 
It follows that, if / G A/" and g G /Co then for each A G A, 

{MA)f,g) = Y.{T,-MMA))fit),gis)) 

s,t 

= ^(T,_,/(0,a(a,(A*)).9(s))=0, 

we thus can extend ttq to a representation tt 

tt:A^B{IC). 

It is easy to check that (tt, V) form a Nica-covariant representation with the desired 
properties. □ 

Remark 3.6. In the case when S = J^fei where each Si is a subsemigroup of 
K+ containing and each Si has the extra condition of being commensurable then 
the statement of Theorem l3.5l is a special case of [551 Theorem 4.2]. However, in the 
proof there, the only place where the commensurable condition is used is in ensur- 
ing that contractive Nica-covariant representation of S has minimal Nica-covariant 
isometric dilation. As Theorem 12.41 and Theorem 12.51 provide the existence of min- 
imal Nica-covariant isometric dilations in the case when each Si is not necessarily 
commensurable the proof given in |28) provides an alternate proof of Theorem 13.51 

Corollary 3.7. Let S = where each Si is a countable subsemigroup o/M+ 

containing and let (A, S, a) be a semigroup dynamical system where A is a unital 
C* -algebra. Then the norms \\ ■ \\ and \\ ■ \\iso on P(A,S) are the same. Hence 

Anx'^^S^Anx^S. 

Proof. Take any p G P{A,S). Since an isometric Nica-covariant representation is 
itself contractive it follows that ||pl|iso < |b||- Now take a contractive Nica-covariant 
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representation (cr, T) on a Hilbert space Ti. Let (tt, T^) be the minimal isometric 
Nica-covariant dilation of (cr, T). Then 

Wia X T){p)\\ = WPnin x V){p)Pn\\ < |1(^ x V){p)\\. 

Hence < \\p\Uso. □ 

Remark 3.8. Let {A, S, a) be a semigroup dynamical system. If ^ is a C*-algebra 
then {A, S, a) can be used to describe a product system of C*-correspondences over 
S. Fowler constructs a concrete C*-algebra which is universal for Nica-covariant 
completely contractive representations of this product system [T^ . It was observed 
by Solel [3D] that the nonself-adjoint Banach algebra formed by the left regular 
representation of the product system is universal for Nica-covariant completely con- 
tractive representations (while Solel was working in Z'^ the same reasoning works 
for countable S). Thus AnXoS can also be realised as the concrete tensor algebra 
in the sense of Solel, see [30l Corollary 3.17]. 

Further, if cr is a faithful representation of A it follows that the induced repre- 
sentation ((T, W) is a completely isometric representation of ^atXq 5. 

The following theorem can be proved by a standard argument in dynamical 
systems using direct limits of C*-algebras. As stated below, the result is a special 
case of [ini Theorem 2.1] and Section 2]. 

Theorem 3.9. Let {A,S,a) be a semigroup dynamical system where A is a C* - 
algebra and each as is injective. Then there exists a C* -dynamical system {B,Q,(3) 
where each /3s is an automorphism, unique up to isomorphism, together with an 
embedding i : A ^ B such that 

(i) Ps o i ^ i o ois, i-e. /3 dilates a 

(ii) Uses /^s^^ (*(-^)) dense in B, i.e. B is minimal. 

Definition 3.10. Let {A,S,a) and {B,Q,I3) be as in Theorem 13. 9[ then we call 
(B,Q,/3) the minimal automorphic dilation of {A,S,a). 

The minimal automorphic dilation of a dynamical system is frequently utilised 
in the literature. Group crossed product C*-algebras have a long history and are 
well understood objects. Thus it is beneficial if one can relate a semicrossed alge- 
bra to a crossed product algebra, often the crossed product algebra of the minimal 
automorphic dilation. We will see in Theorem 13. 151 that the minimal automorphic 
dilation plays an important role when calculating the C*-envclopc of crossed prod- 
uct algebras. First we will show now that An^oS sits nicely inside B x^Q. In 
the case where S = Z+ the following has been shown by Kakariadis and Katsoulis 
p] and Peters [26]. 

Theorem 3.11. Let {A,S^a) be a semigroup dynamical system where A is a C* - 
algebra and each as is injective. Let {B, Q, 13) be the minimal automorphic dilation 
of{A,S,a). The An^oiS is completely isometrically isomorphic to a subalgebra 
ofBxpG. 

Further, An^"" ^ generates B XpQ as a C* -algebra. 

Proof. Let cr be a faithful representation of A onT-L. Then the induced representa- 
tion axW is a, completely isometric representation of ^ at x^ 5, by Remark [3.8l We 
will embed this completely isometric copy of AnXoS into a completely isometric 
representation of i3 X/j C/ by suitably dilating the representation {a, W). 
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Let i be the embedding of A into B as in Theorem 13.91 The representation a 
also defines a faithful representation of i{A), which we will also denote by a. We 
can thus find a representation tt of S on /C D H such that Tr{A)\-u = (T{i{A)) for 
all A € A, sec e.g. [ini Proposition 4.1.8]. Wc thus have an induced representation 
TTxUoiBxpQ. Restricting tt to wc sec that (tt o i) x [/ is a completely 
isometric representation of ^ jv Xq 5, since a xW is. Further note that tt is faithful 
on [Js£S l^s^^i-^)- ^^'^ construction of B, tt is also faithful representation of B. 
Now, by [ini Theorem 7.7.5], ct x is a faithful representation oi B Xj^ Q. Hence 
y^AfXa 5 sits completely isometrically inside B Xp Q. 

That An^^oS generates B XpQ as a C* -algebra follows immediately after con- 
sidering the algebra Alg{-p(^,5), {V{A,S))*} inside V[B,g). □ 

3.2. C*-Envelopes. Our goal in this subsection is to calculate the C*-envclopc of 
-4 jv X a ° 5 in the case when a is a family of completely isometric automorphisms 
on a unital operator algebra A. 

If C is a C*-algebra which completely isometrically contains A such that C = 
C*{A) then we call C a C* -cover of A. If is a C*-algebra, Theorem 13.111 savs 
that B xpQ is & C*-cover of An'x^u" ^ when (Z?, tj, /3) is the minimal automorphic 
dilation of (^,5,0;). 

Definition 3.12. Let A be an operator algebra and let C be a C*-covcr of A. Let a 
define an action of 5 on C by faithful *-endomorphisms which leave A invariant. We 
define the relative semicrossed product A N^Ca S to be the subalgebra of C jvXa 5 
generated by the natural copy of A inside C at x „ 5 and the universal isometrics 

The idea of a relative semicrossed product was introduced by Kakariadis and 
Katsoulis |15| when studying semicrossed products by the semigroup Z-|_ . The key 
idea is to realise the universal algebra An^o" S as a relative semicrossed algebra. 
This allows a concrete place in which to try and discover the C*-envelope. 

The proof of the following proposition follows the same reasoning as the proof of 
[151 Proposition 2.3]. It is an application of Dritschel and McCullough's [3] result 
that any representation can be dilated to a maximal representation and Muhly and 
Solel's [21j result that any maximal representation extends to a *-representation of 
any C*-cover. 

It is also important to note that if a is an action of S on an operator algebra 
A by completely isometric automorphisms which extend to completely isometric 
automorphisms of a C*-cover C of A, then each as necessarily leaves the Shilov 
boundary J" oi A in C invariant, see e.g. [H Proposition 10.6]. We will write 
{ds}se5 for the automorphisms on A/ J" induced by the automorphisms {Q!s}<,g5 
on A. 

Proposition 3.13. Let A be an operator algebra and let C be a C* -cover of A. Let 
a he an action of S on C by automorphisms that restrict to automorphisms of A. 
Let J be the Shilov boundary of A in C. Then the relative semicrossed products 
A NXcaS and Aj 3 nXq^i J are completely isometrically isomorphic. 

Let (C, 5, ol) be a semigroup dynamical system where C is a C*-algebra and each 
as is an automorphism on C Then it is immediate that the minimal automorphic 
dilation of (C, 5, a) is simply (C, Q., a). If wc view Q as being a discrete group then 
Q has a compact dual Q . Recall that for every character 7 in 5 wc can define an 



12 



ADAM HANLEY FULLER 



automorphism oiiV{C,G) by 

Cn \ n 

i=l I i=\ 

The automorphism extends to an automorphism of C x „ witli C as its fixed- 
point set |25[ Proposition 7.8.3.]. We call a gauge automorphism. The gauge 
automorphisms restrict to automorphisms of C nX^S. 

Lemma 3.14. Let A be a unital operator algebra. Let C be a C* -cover of A and let 
J be the Shilov boundary of A in C. Let a be an action of S onC by automorphisms 
which restrict to completely isometric automorphisms of A. Then 

Clriv{ANy-C,aS) = C*„^ (^) X^Q. 

Proof. By the preceding proposition it suffices to show that 

ci^.M/JN>^c/j.c,s)^c/jx^g. 

The algebra A/ J N^c/j,aS embeds completely isometrically into C/J Q 
and generates it as a C*-algebra. Let I be the Shilov boundary of A/ J n^c/ j,a 'S 
in C/J Xa Q- Suppose that I ^ {0}. 

The ideal I is invariant under automorphisms of Cj J x^Q and hence by the 
gauge automorphisms of C j J x^Q . Therefore I has non-trivial intersection with 
the fixed points of the gauge automorphisms, i.e. I fl Cj J =/= {0}. But X ^Cj J is 
a boundary ideal for A in Cj J . Hence X = {0}. This proves the result. □ 

We can now prove the main result of this section. This theorem generalises the 
result of Kakariadis and Katsoulis [T5] from the semigroup Z_|_ to our more general 
semigroups S = X^S.*^*- From another viewpoint, in the case when ^ is a C*- 
algebra and A^'^^a" ^ — An^oS wc have that the C*-cnvelope of an associated 
tensor algebra is a crossed product algebra, by Remark 13.81 and Corollary [23 This 
was shown for abelian C*-algebras by Duncan and Peters [IT] . 

By [21 Proposition 10.1] the group Aut(^) of completely isometric automor- 
phisms on the unital operator algebra A is isomorphic to the group of completely 
isometric automorphisms on C*„^(^) which leave A invariant. Thus, if {asjsgg a 
family of completely isometric automorphisms defining an action of S on A, then 
they can be extended to a family completely isometric automorphisms defining an 
action of S on C|„^ (A) . 

Theorem 3.15. Let A be a unital operator algebra. Let a be an action of S on 
A by completely isometric automorphisms. Denote also by a the extension of this 
action to C*„^(^). Then 

C:^.AANxrS) = C:,,.AA) x^g. 

Proof. Wc will show that „4 at x^''" 5 is isomorphic to a relative semicrossed product. 
The result will then follow by Lemma 13.141 

Let {Vs}se5 be the universal isometrics in An'Xo" ^ acting on a Hilbcrt space 
%. For each s e 5 let T-Ls = "H and define maps V^^* when s <t 

by V*'* = Vt-s- Let /C be the Hilbcrt space inductive limit of the directed system 
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For each A ^ A the commutative diagram 



H - 




H 








n - 


v.. 





defines an operator 7r{A) on /C. Thus we have a completely isometric representation 
TT -.A-^BilC). 

Now for each s,t € S define operator [// : TLs — > Hs by C/f ~ V*. Passing to the 
direct limit we get a family of commuting unitarics {Us}ses on K, satisfying 

TT[A)Us = UsTr[as[A)). 

The unitaries {[/s}sg5 thus define * -automorphisms of C :~ C*{'k{A)) extending a. 
Thus 

The result now follows by Lemma [3. 141 □ 

3.3. Acknowledgements. The author would like to thank his advisor, Ken David- 
son, for his advice and support. 
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